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Abstract 
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essential spectra of self-adjoint and non-self-adjoint Schrodinger operators 
in one or more space dimensions. 
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1 Introduction 

In a recent study by Hinchcliffe [TD] of the spectrum of a periodic, discrete, non- 
self-adjoint Schrodinger operator acting on Z with a dislocation along {0} x Z, 
we were struck by the fact that the essential spectrum of the operator, defined 
by means of the Calkin algebra, divides into two parts, one of which occupies a 
region in the complex plane, the other being one or more simple curves; the curves 
are associated with surface states confined to a neighbourhood of the dislocation. 
The same phenomenon occurs in the self-adjoint case, but here the distinction is 
between parts of the (real) spectrum that have infinite spectral multiplicity and 
other parts with finite multiplicity, at least in two dimensions. 

In this paper we describe a new method of decomposing the essential spectrum of 
a self-adjoint or non-self-adjoint Schrodinger operator into parts by using the two- 
sided ideals of a certain standard C*-algebra. Our conclusion is that one can define 
different types of essential spectrum, provided one is given this extra structure; we 
warn the reader that the spectral classification that we obtain is not a unitary 
invariant of the operators concerned. However, the C*-algebra used is the same 
for all the applications considered so the results obtained have a high degree of 
model- independence. 

Some of our spectral results can be proved by methods that are geometric in the 
sense that they involve Hilbert space methods rather than C*-algebras. An advan- 
tage of the approach described here is that instead of dealing with new apphcations 
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by invoking analogy and experience, the use of C*-algebras enables one to formulate 
simple general theorems that cover applications directly. The method accommo- 
dates many of the technical hypotheses that have been used in the field within a 
single formalism. 

In Sections |2] and H] we investigate the relevant C*-algebra theory without refer- 
ence to its application. Section [3] is devoted to showing how to apply the results to 
discrete Schrodinger operators. Theorems [TH] and [TT] describe the spectrum when 
a periodic potential has a dislocation on one or both of the two axes in T?] the sec- 
ond possibility has not previously been considered. After a substantial amount of 
preparatory work, we turn in Section[7]to the study of Schrodinger and more general 
differential operators acting in L^(R'^), and show that the abstract methods devel- 
oped earlier can be applied to their resolvent operators under suitable hypotheses. 
The spectral mapping theorem then allows one to pull the results back to the orig- 
inal operators. Example explains the application of the methods to multi-body 
Schrodinger operators. Finally, in Section [H] we show that our methods are not 
only relevant in a Euclidean context. We prove that the C*-algebraic assumptions 
are satisfied when considering the Laplace-Beltrami operator on three-dimensional 
hyperbolic space by writing down the explicit formulae available in this case; the 
same applies to a wide variety of other Riemannian manifolds but more general 
methods are needed. 

It might be thought that C*-algebra methods cannot cope with problems in scat- 
tering theory because the relevant unitary groups e~*^* are strongly but not norm 
continuous. In fact a large part of the 'geometric' approach to scattering theory as 
developed by Enss and others depends on considering the large time asymptotics 
of e~*^*y4 where the 'localization operator' A imposes position and momentum (or 
energy) cut-offs. The theory depends on making suitable norm estimates and the 
relevant integrals are mostly norm convergent or can be rewritten as norm conver- 
gent integrals; see [9l[T6],|3]. In this context the important point is that a uniformly 
bounded family of operators Bt depends strongly continuously on the parameter t 
if and only if BtA depends norm continuously on t for enough compact operators 
A\ the union of the ranges of the A chosen must span a dense linear subspace of 
7i. The trick is to choose A appropriately, and this may be done in several ways. 

2 Some C*-algebra theory 

Throughout this section A will denote a (usually non-commutative) C*-algebra 
with identity, and J will denote a (closed, two-sided) ideal in A. It is well-known 
that such an ideal is necessarily closed under adjoints and that Aj J is again a C*- 
algebra with respect to the quotient norm. See [HI Chapter 1] or [TTl Chapter 1] for 
various standard facts about C*-algebras that we will use without further comment. 

If a; G ^ then we denote the spectrum of x by cr(x); it is known that if A is replaced 
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by a larger C*-algebra, a{x) does not change. If J' is an ideal in A we denote the 
natural map of A onto the quotient algebra A/ J' by hj. If several ideals X are 
labelled by a parameter r, we write tt^ instead of ttj^ for brevity, and also put 

ar{x) = a{7ij^{x)) 

Lemma 1 // the ideals {Jr}r=i satisfy 

Jk C C . . . C C Ji C ^ 

then 

0-1(2;) C 0-2(2;) C . . . C ak-i{x) C ak{x) C a(x). 

Proof. We first put J7fc+i = {0}, so that A/ Jk+i = A and 0-^+1(0;) = a{x). Suppose 
that l<r<s</c + l and that A ^ 0-^(3;) . Then there exists y E A such that 

(7r^(x) - \l)Tis{y) = 7rs(y)(Al - 7r^(x)) = 1 

in A/ Js- Hence there exist u,v E Js such that 

(x — \l)y = 1 + u, y(Al — x) = 1 + f . 

Applying vr.,. to both equations and using the fact that C J^. we obtain 

{■Kr{x) - Al)7rr(y) = 7r^(y)(Al - 7r,.(a;)) = 1. 

Hence A ^ 0-^.(2;) and (Jr{x) C ^^(a;). □ 

Note. If ^ = £(7i) and is the ideal K,{l-C) of all compact operators on the Hilbert 
space ?i, then a^-Kji^x)) is (one of several inequivalent definitions of) the essential 
spectrum of x by [21 Th. 4.3.7]. Needless to say we are interested in more general 
examples. 

There are several ways of constructing A and the relevant ideals Jr- Given J., the 
largest choice of A is described in ([2]) and more concretely in Lemma [3l If one 
wishes make another choice, call it A, one has to confirm that J <^ A ^ A. 

Theorem 2 Let B he a C* -algebra with identity and let {pn\^=i he an increasing 
sequence of orthogonal projections in B with p„ 7^ 1 for every n. Then the norm 
closure J of 

Jo = {x E B : 3n > 1. pnX = xpn = x} 
is a C* -suhalgehra that does not contain the identity of B. We have 

J = {x E B : lim ||x — PnXpn\\ = 0}. (1) 

n—*oo 

Moreover J is an ideal in the C* -algebra with identity A defined by 

A = {a e B : aj C J and JaC J}. (2) 
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If B = C{T-C) and Pn converge strongly to I as n ^ oo then 
so 

for all X E A. 

Proof. First note that if PnX = xpn = x then p^x = xpm = x for all m > n. It 
follows by elementary algebra that J'o is a *-subalgebra of B, and this implies the 
same for J'. If x G ^To then there exists n for which 1 — p„ = (1 — Pn)(l — x). 
Therefore 

1 = ||1 -pnW = 11(1 -Pn)(l < ||1 -Pnlllll - = ||1 

because p„ 7^ 1 for every n. Hence ||1 — x|| > 1 for aX\ x E J and we can deduce 
that liJ. 

\i X E B and lim„^oo \\x — PnXPnW = then the fact that PnXPn G j7o implies 
that X E J . Conversely ii x E J and e > then there exists y E Jq such that 
||x — y\\ < e. There now exists > 1 such that y = PnUPn for all n > N. For all 
such n we have 

\\x-pnXPn\\ < \\X - y\\ + \\y - PnXPnW 

= \\X -y\\ + WPnVPn -PnXPnW 

< 2\\x — y\\ 

< 2e. 

Hence lim„^oo - PnXpn\\ = 0. 

The proofs that ^ is a C*-algebra with identity and that JT" is an ideal in A are 
both elementary algebra. 

If i3 = C(H) then in order to prove that )C(H) C J/^ it is sufficient by ([I]) and a 
density argument to observe that if x is a finite rank operator then lim„^oo ll^; — 
PnXPnW ~* 0. The final inclusion of the theorem follows from Lemma [H □ 

The following provides an alternative description of A. 

Lemma 3 Let B, {Pn}'^=i, J Oi.nd A he defined as in Theorem^ Let 

'Dq = {a eB ■.\ln'^\. 3m > n.pmapn = o,Pn-} (3) 

and 

V = {aeB:yn>l. ap^, E J}. (4) 
Then VqCV and A = V<r}V*. 
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Proof. The inclusions T>o C V and A C V CiV* are elementary. If a G V and 
X E J^o then for some n > 1 we have 

ax = a{pnx) = {apn)x G J.Jo C J. 

A density argument now implies that aj C J. By taking adjoints we conclude 
that VnV* CA. □ 

Note. In spite of the notation we do not claim that V is the norm closure of "Dq- 

Lemma 4 Let {pn}'^=i be an increasing sequence of projections on Ti that converge 
strongly to 1 and let J and A he constructed as described in Theorem\^ //{0r}^i 
is a sequence of unit vectors in Ti and lim^-^oo ||Pn0r|| = for every n > 1 then 
lim^^oo ||o0r|| = for every a E J . 

Proof. This is elementary if a G JTq and follows for aA\ a E J by approximation. □ 

We say that a sequence {0^}^! of unit vectors in TC is localized (with respect to 
J) if there exists n > 1 and c > such that ||pri0r|| > c for all r > 1. 

Theorem 5 Ifx G A and X G a{x)\o-{TTj{x)) then there exists a sequence {(f)r}'^i 
that is localized with respect to J and satisfies either 

lim \\x(j)r — X(j)r\\ = (5) 

or 

lim - A0,.|| = 0. (6) 

r— >oo 

Proof. If A G a{x) then there exists a sequence {0^}^^=! of unit vectors such that 
either ([2]) or ([H]) holds; see Lemma 1.2.13]. Both cases are similar and we only 
consider the first. 

If A G o'{x)\o'{ttj{x)) and holds and lim^^^oo ||Pn0r|| = for all n > 1 then 
nji^Xl — x) is invertible in A/ J, so there exist y E A and a E J such that 



Lemma m now yields 



y{Xl — x) = 1 + a. 
1 = lim 11(1 + a)(f)r\\ 

r— +00 

< lim(||y||||(Al-x)0,||) 

r— »oo 

= 0. 

The contradiction establishes that if A G cr(x)\cr(7rj'(x)) then ||pri0r|| does not 
converge to as r oo for some n > 1. It follows that there exists a subsequence 
{ipr}'^i and c > such that ||pn'^r|| > c for all r > 1. □ 
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Note. Theorem [5] has no converse. If a G ^ is a self-adjoint operator then any 
eigenvalue A of a that is embedded in the continuous spectrum satisfies the con- 
clusion of the theorem for the choice J = ]C(H). One simply defines 0„ to be the 
normalized eigenvector of a corresponding to the eigenvalue A for all n. 

Sometimes one has several ideals in A but neither is contained in the other. 

Theorem 6 Let J\ and J2 be two ideals in the C* -algebra A with identity, and 
put J3 = Jinj2. Then 

(T3(x) = ai{x) U (72 (x) 

for all X E A. 

Proof. It is elementary that jTs is an ideal. Let B = Aj J\ ® A/ J2 and define 
the *-homomorphism it : A ^ B hy -k = ixi ® Ti2- Then the image C = tt{A) is 
a C*-subalgebra of B and the kernel of vr is jTa. If x G ^ then the spectrum of 
7r(x) is the same whether regarded as an element of B or C. In the former case the 
spectrum is U cr2{x) and in the latter case it is <7s{x). □ 

We next describe one of the C*-algebras that we shall be using in the next section. 
Let TCi and 0.2 be infinite-dimensional Hilbert spaces and let H = Hi ® Ti.2 he 
their Hilbert space tensor product. Let Jj denote the identity operator on Tij for 
i = 1, 2. 

Theorem 7 Let {Pn}'^=i be an increasing sequence of finite rank projections in Tii 
which converges strongly to Ii as n 00 and put pn = Pn^h- Then J defined as 
in TheoremlE is the closed linear span of all operators Ai ® A2 where A\ G /C(7ii) 
and A2 G £(7^2)- Also A, defined as in Theorem\^ contains the closed linear span 
of all operators Ai ® A2 where Ai G CiTii) for 2 = 1,2. 

Proof. Let J' denote the closed linear span of all operators a = Ai® A2 where 
Ai G K,{7ii) and A2 G £(7^2). The formula 

lim \\Ai-PnAiPn\\ =0 

n— +CXD 

implies 

lim ||a — PnO'Pn\\ = 0. 

n^oo 

We deduce that a E J and hence that J' C J . Conversely if x G j7o then there 
exists n > 1 such that x = PnXpn- If Pn has rank k then PnXPn can be written 
as the sum of fc^ terms of the form Ai ® A2 where each Ai has rank 1. Hence 
PnXPn £ J' ■ The inclusion Jq C J' implies J C J' . The final statement of the 
theorem follows directly from the inclusions 

(Ai ® A2)J' C J\ J\Ai ® A2) C J'. 

□ 
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3 Application to discrete Schrodinger operators 



In this section we construct a C*-subalgebra A of CiH) where H = P{Z'^) by an 
ad hoc procedure. A more systematic approach that uses a standard C*-algebra is 
described in Section HI 

We put Hi = P{Z) and H2 = l\Z'^-^), so that 

n^ni®n2^i\z,n2) (7) 

by means of canonical unitary isomorphisms. We define the projections p„ by 



{Pn(t)){x) 



4>{x) if — n < Xi < n, 
otherwise, 



for all G 7i and x G Z^. We also define the C*-algebra A and the ideal J' as 
in Theorems [2] and [71 The ideal J7 contains all bounded operators on Ti. that are 
'concentrated' in some neighbourhood of the dislocation set 5" = {0} x Z'^~^. In 
Section H] we explain how to generalize the ideas in this section by allowing the 
dislocation set to have a completely general shape. 

Lemma 8 The C* -algebra A contains all 'Schrodinger operators' of the form 

m 

{A<i)){x) =^arix)(i){x + hr) (8) 

r=l 

where G P{Z'^), x e Z'^, m e Z+, br G Z'^ and G 1°°{Z'^) for all r G 
{1,2,. ..,m}. 

Proof. An elementary calculation implies that Pn+kApn = Apn for all n > 1 where 
k = ma.x{\br\ : 1 < r < m}, so A G "Do- The same applies to A*, so we may apply 
Lemma [3l □ 

We say that the Schrodinger operator A on is periodic in the Z direction with 
period k if TkA = ATk where {Tk4>){m) = (f){m + k) for all <p G /^(Z,H2). This 
holds if and only if the coefficients a^, v are all periodic in the the Z direction with 
period k. 

Theorem 9 // the Schrodinger operator A is periodic in the Z direction with period 
k then 

ai-KjiA)) = (Tess(v4) = <j{A). (9) 

// in addition H = A + B + C where B E J and C G fCiTi), then 

aess(A) C (less (A + B) = a,,,{H) C a{H). (10) 
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Proof. The identities in (Q follow directly from Lemma [T] provided we can prove 
that <j{A) C a{nj{A)). If A G cr{A) then there exists a sequence {0^}^! of unit 
vectors such that either lim^^oo ||^0r — ^0^11 = or lim^^oo ||^*0r — ^(pr\\ = 0; see 
[2], Lemma 1.2.13]. Both cases are similar, so we only consider the first. 

By translating the (pr sufficiently and using the translation invariance of A, we see 
that there exists a sequence {ipr}'^! of unit vectors such that limr_+oo H^'^r— A-^rll = 
and lim^^oo ||PnV'r-|| = for every n. The argument of Theorem [5] establishes that 
A G a{7[j{A)) and hence that a{A) C a{TTj{A)). 

The statements in ffTOj) now follow from Lemma [1] as soon as one observes that 
a{TTj{H)) = ai7Tj{A)) and a(7r^(7^)(i/)) = a{TT,c{n)iA + B)). □ 

The following theorem identifies the asymptotic part of the spectrum of certain 
Schrodinger operators H as Xi ^ — oo. The operators concerned have much in 
common with those of [5], but we allow them to be non- self-adjoint and require 
the underlying space to be discrete. 



Theorem 10 Let S = {x & Z'^ : xi > 0} and put 



if Xi > —n, 
otherwise, 

for all (f) G Z^(Z'^) and n > 0. Let A he of the form ^ and suppose that it is 
periodic in the Xi direction. Also let H = A + B where B is any bounded operator 
confined to S in the sense that pqB = BpQ = B. If J is defined as in Theorem\E 
then 

ct{A) = aess(A) = a{7Tj{H)) C aUH) C a{H). 

We omit the proof, which is similar to that of Theorem [9] and uses the fact that 
Be J. 

We finally come to an application that involves two different closed ideals. Let 
H = A + Vi + V2 where A acts on 7i = Z^(Z^), is of the form ([H]) and is periodic 
in both horizontal and vertical directions. We assume that the bounded potential 
Vi has support in Z x [—02,02] while the bounded potential V2 has support in 
[— oi, oi] X Z for some finite oi, 02. Let J7i be the ideal associated with the sequence 
of projections 

4>{i,j) if — n < i < n, 
otherwise, 

and let J'2 be the ideal associated with the sequence of projections 



(j){ij) if - n<j<n, 
otherwise. 



The appropriate C*-algebra A is defined by 

A = {xe C{n) : xJi C Ji, Jix C Ji, xJ2 C J2, J2X C J2}. 
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Theorem 11 Under the above assumptions H E A and 

a,ss{H) = (ri{A + Vi) U a2{A + V2). 
If Y\ is periodic in the Xi direction and V2 is periodic in the X2 direction then 

aUH)=(y{A + Vi)VJa{A + V2). 

Proof. Since V2 G Ji, we have (yi{K) = ai{H + Vi). Since Vi G J'2, we have 
(J2{K) = o-2{H + V2). In order to apply Theorem [U] we need to prove that (J^^K) = 
o'essiK). This follows if J\^J2 = KLiTi). The only non-trivial part is to prove that 
iixeJinj2 then x G lC{n). 

Given such an x put Xm,n = PmQnXqnPm for all m, n > 1. Noting that pm and g„ 
commute and that their product is of finite rank we see that Xm,n G /C(7i) for all 
m, n. Since x G we have 

lim Xm,n Pm-^Pm 
n—*oo 

and since x G J7i we have 

lim PmXPm = X. 

Therefore x G /C(H). 

The final statement of the theorem involves an application of Theorem [HI □ 

4 The standard C*-algebra 

If ^ = C{T-C) for some infinite-dimensional, separable Hilbert space Ti. then A 
contains only one non-trivial ideal, namely /C(7i). In this section we construct a 
'slightly smaller' C*-algebra which has a rich ideal structure. We formulate the 
theory in a general setting, even though our main applications are to Z"' and R*^. 
However, exactly the same construction may be used for unbounded graphs and 
for waveguides, in which X is an unbounded region in R*^. In Section [8] we show 
that it may also be applied to Schrodinger operators on Riemannian manifolds, 
writing out the details in the case of three-dimensional hyperbolic space. 

Let {X, d, fi) denote a space X provided with a metric d and a measure fi; we 
require X to be a complete separable metric space with infinite diameter in which 
every closed ball is compact; all balls in this paper are taken to have positive and 
finite radius. We also require that the measure of every open ball B{a,r) = {x G 
X : d{x, a) < r} is positive and finite. Let U denote the class of all non-empty, 
open subsets of X. 

li S,TCX we put 

d{S,T) = inf {d{s,t) : s G 5 and t G T}. 
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The function x d{x, S) is continuous on X; indeed 

\d{x,S)-d{y,S)\<d{x,y) 

for all X, y e X and S C X. If (X, d) is a length space in the sense of Gromov 
then 

B{a, r) ^ {x e X : d{x, a) < r} 

and 

d{B{a, r), B{h, s)) — max{ o?(a, h) —r — s, 0}. 

for all a, 6 G X and r, s > 0. However, \i X — 7/^ with the Euclidean metric, 
neither of these identities need hold. 

Now put H. — L'^{X, /i). For any S & U we define the projection Ps on 7i by 



{Ps<P){x) 
We abbreviate PB(a,r) to Pa,r- 



0(a;) if a; e 5", 
otherwise. 



Lemma 12 If A E C{T-C) then there exists a largest open set U such that APjj = 0. 
There also exists a largest open set V such that PyA — 0. 

Proof. If V is the class of all open sets V such that APy = then the only candidate 
for U is U = Uvev ^ Lindelof 's theorem wc may also write U = IJ^i 

where is a sequence of sets in V. Put Wi = Vi and Wn+i = Wn U Ki+i. If 
W„ e V then 

APw^^, = APw„ + APv^^A^ - PwJ = 0, 

so Wn+i e V. It follows by induction that APw^ = for all n > 1. Now Pvk„ is an 
increasing sequence of projections that converges weakly to Pu so APu — 0. The 
second statement of the lemma has a similar proof. □ 

Lemma 13 If A, B E C(H) and AB ^ then for every e > there exists a E X 
such that APa^s ^ and Pa,eB ^ 0. 

Proof. Let {anj^i be a countable dense set in X and define the sets En inductively 
by El — B[ai,e) and 

En+i = -B(a„+i, U . . . 

It follows directly that the sets En are disjoint and that their union is X. Therefore 



n 



lim VPe. =/, 

n—*oo ' ^ 
r=\ 

the limit being in the weak operator topology. Therefore 

n 

lim ^ APeB^AB^^ 
10 



n-^oo ■ 



in the same sense and there must exist n such that APe„B ^ 0. We conclude first 
that APe„ ^ and Pe^B ^ and then that APa^^e ^ and Pa„,e5 7^ 0. □ 

We say that A G C{T-i) hes in Am if Pa,r^Pb,s 7^ imphes d{a, h) < r + s + m. 
If A has an integral kernel K this amounts to requiring that K{x, y) implies 
d{x, y) < m, but we do not require that A has such a kernel. 

Lemma 14 If A E Am and B E An then A* E Am., A + B E Ama.x{m,n) and 

AB E Am+n- 

Proof. The invariance of Am under adjoints follows immediately from its definition. 

If Pa,riA + B)Pb^s ^ then Pa,rAPb,s ^ or Pa,rBPb,s ^ 0. Therefore d{a, b) < r + 
s+m or d{a,b) < r + s+n. In both cases we deduce that (i(a, 6) < r + s+max(m, n). 

If Pa^rABPb^s 7^ then Lemma [13] implies that for every e > there exists c E X 
such that Pa,r^Pc,e 7^ and Pc^^BP^^s 7^ 0. Therefore d{a, c) < r + e + m and 
d{c, b) < e + s + n. These imply that d{a, b) < r + s + m + n + 2e. Letting e — > 
we finally deduce that AB E Am+n- D 

We will frequently refer to the standard C*-algebra A below; this is defined in the 
next theorem. 

Theorem 15 If A is the norm closure of A= U^o-^"' then A is a C* -suhalgehra 
of CiTi). If V E L°°{X,fj,) and V also denotes the operator of multiplication by 
the function V , then V E A. Moreover ICiTi) C A. 

Proof. The first statement follows directly from Lemma [TH If Pa,r^-Pfe,s 7^ then 
Pa,rPb,sV 7^ and hence Pa,rPb,s 7^ 0. Therefore the open set U = B{a, r) fl 5(6, s) 
is not empty, and there exists c E X with (i(a, c) < r and c?(6, c) < s. Therefore 
d{a, 6)<r + s<r + s + and V E Aq. 

If A is compact and A = APjj = PuA for some open set U with diameter n then 
Pa,rAPb,s ^ implies Pa,rPuAPuPb,s ^ and hence Pa,rPu ^ and PuPb,s ^ 0. 
Hence there exist u, v E U such that d{a, u) < r and d{y, b) < s. We deduce that 
d{a, b)<r + s + n so Ae An- Since the set of all such A is norm dense in JC(TC), 
we conclude that /C(7i) A. □ 

The following alternative definition of A is slightly more transparent in spite of 
the fact that it quantifies over a much larger class of sets. 

Theorem 16 Given m > 1, let ym denote the set of all A E C{T-C) such that for 
every S ElA one has APs = Ps{m)APs- Then A is the norm closure o/ IJm=o '^"i ■ 

Proof. If we put T{m) = X\S{m) then A E ym if and only if for every S ElA one 
has PT{m)APs = 0. 

Let A E Am, < r < 1/3 and s = 1/3. If 5 G W and 6 G T(m+1) then 5(a,r) C S 
implies d{a, b) >m + l>r + s + m and then Pb^sAPa,r = 0. Since S may be written 
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as the union of a countable number of balls B{a,r) with < r < 1/3, Lemma [T2] 
implies that Pt^s^Ps = 0. Since T(m + 1) may be covered by a countable number 
of balls B{b,s), all with s = 1/3, we deduce that PT{m+i)APs = 0. Therefore 

A e y„,+i. 

Conversely let A G 3^m, r, s > and d{a, b) > r + s + m. If we put S = B{a, r) 
then B{h, s) C T{m), so Pr(m)^-P5 = implies Pt^sAPa^^ = 0. Therefore A G Am- 

The two inclusions together imply 

Um=l ~ Um=l 

and hence the statement of the theorem. □ 

We wish to associate an ideal jTs with every non-empty open subset S of X. This 
may be done in two ways and we will prove that they yield the same result. The 
idea is to identify operators that 'decrease in size' as one moves away from S. 

If S eU and r > we put 

S{r) = {xeX : d{x, S) <r} = [J{B{x, r) : x e S}. 

and 

Js,n = {A e A : A = Psin)APs(n)} 

= {AeA:A = APsin) = Ps(n)A} 
= {AeA:0 = APrin) = PthA} 

where T{n) = X\S{n) = {x E X : d{x, S) > n}. We also define 

ICs^n = {AeA: APa,r ^ ^ d{a, S) <n + r} 
n{A G A : Pa,rA 7^ ^ d{a, S) < n + r} 
= {AeA: d{a, S) > n + r ^ APa,r = Pa,rA = 0}. 

Lemma 17 Ifn>l then 

U {B{x, r) : d{x, S) > r + n} C T{n) C [j {B{x, r) : d{x, S) > r + n - 1} . (11) 

Hence 

}Cs,n-l C Js-n ^ }Cs,n- (12) 

Proof. If y e B{x, r) and d{x, S) > r + n then d{y, S) > n. Hence B{x, r) C T(n). 
This proves the first inclusion of fllip . 

If a; G T{n) then d{x,S) > n. Putting r = 1/2 we deduce that x G B{x,r) and 
d{x, S) > r + n — 1. This proves the second inclusion of ffTTj) . 

If A G Ks,n-i then AP^^r = Px,rA = for all x, r such that d{x, S) > r + n— 1, so 
Lemma [T^ and the second inclusion of (fTTI) together imply that APx^n) = PT{n}A = 
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0. Therefore A G J^s,n- On the other hand if A G J's,n then APT(n) = -Pr(n)^ = 0. 
The first inclusion fllip of now imphes that AP^ j. = Px,rA = whenever d{x, S) > 
r + n. Therefore A G JCs^n- This completes the proof of fll2l) . □ 

Let J-' denote the family of all non-empty open sets 5* such that S{n) ^ X for 
every n > 1. We say that S, T & T are asymptotically equivalent if for all n > 1 
there exists m > 1 such that S{n) C T(m) and T{n) C S{m). In particular all 
nonempty, open, bounded sets are asymptotically equivalent to each other. 

Theorem 18 If S E U then 

Ur=i '^s,n = Ur=i ^S,n- 

If S E T then this set, denoted by Js, is a proper, closed, two-sided ideal in A and 
it contains ]C(H). If S, T are asymptotically equivalent than Js = Jt- 

Proof. Lemma [T7] implies that 

U^=l ^S,n = Ur=l ^S,n- 

We denote this linear subspace of ^ by Js- 

Let A E Am and B e K,s,n- If ABPa^r ^ then 5P„,,. ^ so rf(a, S) <n + r. If 
Pa,rAB 7^ then Lemma [13] implies that for every e > there exists b E X such 
that Pa,rAPb,e 7^ and Pb,eB 7^ 0. Therefore d{a, b) <m + r + e and d{b, S) <n + e. 
We conclude that (i(a, S) < m + n + r + 2e. Since e > is arbitrary we deduce that 
d{a, S) < m + n + r. Therefore AB E ICs^m+n- A similar argument can be applied 
to BA. These calculations imply that AJs ^ Js and JsA C Jg. The statement 
of the theorem now follows by a density argument. 

In order to prove that Js is proper we need to establish that ||/ — A|| > 1 for 
all A E Js, or equivalently that this holds for all A E Js,n and all n > 1. If 
A = APs(n) = Ps(n)A then this follows from 

\\I-Ps(n)\\ = \\{I - Psin)){I - A)\\ < \\I-Psin)\\ \\I - A\\ < \\I - A\\ 

provided ||/ — ^^(n)!! = 1- Since S E J-" there exists a E X\S{n + 2). This implies 
that B{a, l)n S{n) = 0. Since B{a, 1) has positive measure there exists a non-zero 
(p eH whose support is contained in B{a,l) and for which (/ — Ps(n))(t> = 0- 

If A is a finite rank operator then lim„_»oo ||^ — Ps(n)APs{n)\\ = 0, so A G Js- The 
same applies to all A E KiTi) by a density argument. 

If 5, T are asymptotically equivalent then routine algebra shows that Jsfl = Jt,o- 
Once again a density argument implies that Js = Jt- D 

If Ae A and S* G we put as{A) = a{njg{A)). 

Theorem 19 Let S,T E J^. If S C T then Js C Jr and as{A) D ariA) for 
every A E A. If S, T E are asymptotically independent in the sense that 

Vn > 1. 3m > 1. S{n) f] T{n) C (S n T)(m), (13) 
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then 

JsnT = Js^Jt (14) 

and 

asnxiA) = asiA) U ariA) (15) 

for every A & A. 

Proof. If A G J^s,o then there exists n > 1 such that A = APs(n) = Ps{n)A. If 
5 C T, this implies A = APT(n) = PT(n)A and hence J's^ C J7t,o- Therefore 
J^s ^ iTt and <Js{A) D err (A) for every A E Ahj Lemma [H 

If S", T G we deduce that J^snr ^ Js^ Jt- Now suppose that S", T are asymp- 
totically independent and that A G JT^ fl Jt- Equation ([T]) implies 

lim \\A - Ps(n)APs(n)\\ = 0, lim \\A - Pth^^'th || = 0. 

?i^c» n— >oo 

If we put 

An = Ps(n)PT{n)APT(n)Ps(n) 

= Ps{n)nT{n)APT(n)nSin) 

then asymptotic independence implies 

An = P{Sr\T}{m.)An = AnP{Sr\T}{m) 

SO An G JsnTfi- Finally 

lim < lim \\A - Ps(n)APs(n)\\ + lim \\Ps{n)iA - PT{n)APT{n))Ps{n)\\ 

n^oo n— >oo n^oo 

< lim 1 1 A - P5(„) AP5(„) 1 1 + hm p - Pt(„) APT(n) 1 1 

= 0. 

Therefore A G Jsrcr- Equation (1151) finally follows from Theorem [HI □ 

The C*-algebra A contains L°°(X) and is therefore not separable. It is unlikely 
that one can obtain a useful classification of its irreducible representations, but a 
partial classification of its ideals can be obtained as follows. 

Let X be some compactification of X and let dX = X\X denote the 'points at 
infinity'. The restriction of any / G C{X) to X lies in L'^{X,fi). Since every 
non-empty open subset of X has positive measure we see that 

ll/llc(X) = Wfh- = WfWan) = ll/IU- (16) 

It follows that B = C{X) is a commutative C*-subalgebra of A. Note that there 
is a order-preserving one-one correspondence between the ideals X in B and the 
open subsets V of X. It is given by 

Vj = {x eX : f{x) ^ for some / G J} 
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and 

Jy = {/ G C(X) : fy^y = 0}. 

We will write E to denote the (compact) closure of a set -E C X in X, even if 
E C X. If ?7 is an open subset of X then we define its set of asymptotic directions 
U C dX to be the set of all a G dX that possess a neighbourhood C X for 
which V nX O U. It is immediate that U is an open subset of dX and that UUU 
is an open subset of X with complement X\U. 

If S E U then S{n) is an increasing sequence of open sets in X, so S{n) is an 
increasing sequence of open subsets of dX. We put 

n>l 

and observe that 5* is also an open subset of dX. 

Example 20 Let X = H'^ with the usual Euclidean metric and let S be the 
'sphere at infinity' parametrized by unit vectors e, called directions. 

(a) If 

S = {x e X -.Wi e {1,2, ■■■,(!}. Xi> 0}, 

then 

Sin) = S = {e G S : G {1, 2, ■ ■ ■ , 4. > 0} 
for all n>l. Therefore l3/{Js n B) ^ C{K) where 

K = {e e ^ : 3i e {1,2, ■ ■ ■ , d}. ei < 0}. 

(b) If we are only interested in asymptotics in a particular direction e G S then 
we may define 

^ = rMJ S(re,ri/2). 

■r>0 

One sees that S" G and 

S^) = S = E\{e} 

for all n > 1. The quotient map vr from B to B/ {Js fl i3) ~ C is given by 
<f) = /(e). 

Lemma 21 IfSeU then Js,o n /i) zs dense m Js n L°^{X, /x). 

Proof. Let / G fl L°°{X,fi). If p„ is the multiplication operator associated 
with the characteristic function of S{n) then Pnf G Js,o ^ L°° for all n > 1 and 
lim™||/-Pn/|| =Oby dU). ' □ 
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Theorem 22 The map J Vjr^B defines an order-preserving map from ideals in 
A to open subsets of X. If S ElA then 

Vj,nB = SUX. 

IfSeJ^ then SUX ^X. 

Proof. The first statement of the theorem depends on the observation that if J is 
an ideal in A then JT" fl S is an ideal in B. 

Given S eU, we put V = Vjgf^Q. It follows directly from the definitions that 

C,{S{n) U Sin)) C Js^, nBCJsHB. 

Therefore S{n) U S{n) C V for all > 1. Since S is non-empty, letting n ^ oo we 
obtain XUSCV. 

If a ^ XU5 then there exists / G C(X) such that /(a) = 1. Given g e Js,onL°^{X) 
there exists n > 1 such that g = gpn = PnQi where p„ is the characteristic function 
of S{n). Since a G X\S{n + 2), given e > 0, there exists h G X\S{n + 2) such that 
1/(6) — 1| < e. Putting e = 1/2 there exists 5 G (0, 1) such that x G -8(6, 5) implies 
|/(x)| > 1/2 and x ^ S{n). The set B{h, 5) has positive measure so ||/ — (7||oo > 1/2. 
Lemma ED now implies that ||/-/i||oo > 1/2 for all /i G JsnL°^{X) so f ^ JsDB. 
Since this holds for all / G C{X) such that /(a) = 1 we conclude that a ^ V and 

V cxus. 

The final statement of the theorem follows from the fact that 5* G implies \ ^ Js- 

□ 

Corollary 23 If S E then 

B/{Jsr\B)c^C{dX\S). 

5 Pseudo-resolvents 

If one has a family of resolvent operators R{z, A) all lying in a C*-algebra A and 
vr : ^ ^ i3 is an algebra homomorphism with a non-trivial kernel J , then tt{R{z)) 
satisfy the resolvent equations in B. In this section we show how to define the 
spectrum of this new family, which is not the resolvent family of any obvious 
operator. This will be a crucial ingredient of our general theory. 

Let U denote the set of invertible elements of an associative algebra A with identity. 
If a G ^ the spectrum of a is defined by 

a{a) = {a G C : al - a ^ U}. 
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{zl — a) ^ then r satisfies 

(17) 

1 + (7 - a)r„ = (7I - a)ra 
so 0"(a) = {z : 1 + {z — a)ra 4- 

Our goal in this section is to define the spectrum of a pseudo-resolvent, defined as 
a function r : U ^ A that satisfies (fTTl) even though it is not generated by any 
a e A. 

If A is a closed, unbounded operator on a Banach space B and R{z, A) denotes its 
family of resolvent operators, defined for all z ^ cr{A), then 

a{R{z, A)) = {0} U {{z - s)-i : s G a{A)} (18) 

by [21, Lemma 8.1.9]. This motivates our analysis, which is, however, purely al- 
gebraic, making no reference to Banach spaces or to unbounded operators. The 
advantage of this is that the results are immediately applicable to quotient algebras 
A/ J', for which no geometric interpretation exists. 

Theorem 24 If U C C and r : U ^ A is a pseudo-resolvent and a & U then 
1 + {z - a)ra e U for all z eU. If 

U = {z -.l + ^z- a)r„ G U} 

then U U and the formula 

Tz = ra{l + {z- a)ra)~^ 

defines an extension of the pseudo-resolvent from U to U . Moreover r : U ^ A 
is a maximal pseudo-resolvent. The set cr(r) = C\U is called the spectrum of the 
pseudo-resolvent r and satisfies 

a{r) = {z : 1 + {z - a)r^ ^ U} (19) 

for every choice of a G U. 

Proof. By interchanging the labels a, 7 in ( ITTll we see that and r-y commute. 
Moreover 

(1 + (7 - a)r„) (1 + (a - 7)r^) = 1 + (7 - a) {r„ - - (7 - a)r„r^} 

= 1, 

so both terms on the left hand side are invertible. This proves that U U. If 
a, z E U then (|T7|) imphes that 

Ta = r^(l + {z - a)ro) 



If we put U = C\a{a) and define r : U ^ ^ by = 
the resolvent equations 

Tq, (7 Oi^ToiT^ 

for all a, 7 G t/. Moreover 
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so Tz = Tz for all z & U and r is an extension of r to U. 
If /5, 7 G f7 then 

{'J — P)rf3r-y = ('jr — Pr)r{l + (P — a)r)~'^(l + {'J — a)r)~'^ 

= {(1 + (7 - a)r) - (1 + (/3 - a)r)} r(l + (/3 - a)r)-^(l + (7 - a)r)-i 
= r{(l + (/5-a)r)-i-(l + (7-a)r)-i} 
= r;3 - r^. 

Therefore r is a pseudo-resolvent on U. 

Now let r be a further extension of r to a pseudo-resolvent on f/ D f/. If z E U 
then by the first half of this proof 1 + {z — a)ra eU, so z E U. Therefore U = U 
and r : U — ^ is a maximal pseudo-resolvent. 

We have proved that U = {z : 1 + {z — a)ra G W} for all a E U, and this proves 

m. □ 



Corollary 25 Let J he a two-sided ideal in the associative algebra A with identity 
and let -K : A ^ A/ J he the quotient map. If U EC and r : U ^ A is a maximal 
pseudo-resolvent then 

cr(7r(r)) C a{r). 

Proof. We need only observe that z TT{rz) is a pseudo-resolvent in A/ J' but its 
domain U need not be maximal. If its maximal extension has domain V ^ U then 

a{7f{r)) = C\V C C\U = a{r). 

□ 



6 Perturbation theory 

When extending the theory of Section[3]to differential operators, one has to be care- 
ful not to refer to strong operator convergence, because the standard C*-algebra 
A is only closed under norm convergence. In this section we collect some of the 
technical results that will be needed. These are formulated at the natural level 
of generality, but the reader should keep in mind that they will be applied to a 
resolvent operator A acting in L^(R'^, dx). 

Let X be a set with a countably generated a-field and a a-finite measure /i, and 
put L2 = L2(X,/i). 

Lemma 26 Let A he a linear operators A on that is positive in the sense that 
if ^ 4> ^ L^ then < A(f) G L"^ . Then A is hounded and 

\\A\\ = sup{||A0|| : Q < (p E and ||0|| < 1} < 00. 

Moreover \A{(j))\ < A{\(f)\) for all G 
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Proof. See [21 Lemma 13.1.1 and Theorem 13.1.2]. □ 

In the following discussion V will always denote an unbounded measurable function 
V : X ^ C, which we call a potential, and also its associated multiplication 
operator. Given a positive operator A, let Va denote the set of potentials V that 
are relatively bounded with respect to A in the sense that 

\\V\\A = snp{\\V{A<p)\\:m<l} 

is finite. 



Lemma 27 We have \\V\\a^ < \\A\\ \\V\\oo^for all V G Therefore L°°(X) C 

Va- If \W\ < \V\ and V gVa then W e Va and \\W\\a < \\V\\a- The space Va is 
a Banach space with respect to the norm \\ ■ \\a- 

Proof. The last statement is the only one that is not elementary. Let G satisfy 
11^112 = 1 and ^{x) > almost everywhere in X and let ip = A^, so that ip > 0. 
The exists a measurable set E such that iplx) > almost everywhere in E and 
ipix) = almost everywhere in X\E. In many cases E = X but we do not assume 
this. If G and 

f if |0(x)| < 

M^) = < otherwise, 

then \(f)n\ < 101 and |0„| < n^. The dominated convergence theorem implies that 
\\4>n — 0II2 ^ as n ^ 00. Moreover 

\A{<I)„)\ < A{\<Pr,\) < A{nO = ni; 

so A{(j)n) has support in E. Letting n — 00 we conclude that the same holds 
for A{(f)). We conclude that if V has support in X\E then VA = 0, so we focus 
attention henceforth on the restriction of all the potentials involved to E. 

We next observe that H^V'lh < ||^IU so if \4 is a Cauchy sequence in Va then 
Vnip is a Cauchy sequence in L'^{E,fi). Therefore Vnip converges in norm to a 
limit Vip in L'^{E,fi). There exists a subsequence n(r) such that Vn{r) converges 
almost everywhere in E' to V^. 

Given e > there exists such that for all m, n > we have 

UVm-Vn)iA<P)h<eUh 

for all (j) & LF'. Replacing n by n(r), letting r ^ 00 and using Fatou's lemma we 
obtain 

||(K^-V)(A0)||2<£l|0||2. 

for all m> Ni; and all G L^. Hence V &Va and \\Vm — V^|U — > as r — 00. □ 
Now let Va denote the closure of L°° in Va- 
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Lemma 28 IfVE Va then V E Va if and only z/lim„^oo HV"*^"^ — V\\a = where 

ttttSi otherwise. 
// < I'^l and V eVa then W E Va- 

Proof. If ||PKi||oo < n and \\V — W^nlU ^ as n — >• cxd then by carrying out a 
separate calculation at every x E X we see that 

Lemma [27] now implies that 

lim \\V - 1/(")|U < lim \\V - W„IU = 0- 
The second statement follows in a similar way from the inequality 

||y _ <\V- V^"-^]. 

□ 



Lemma 29 If Q < A < B as operators on , in the sense that < A(f) < Bcf) for 
all (j) such that < (f) E L"^ , then Vb C V^. 

Proof li (j) E L'^ and V eVb then 

\V{A<p)\ = \V\\A{<p)\<\V\Am)<\V\Bm) 



so 

||V(A0)||2 < \\\v\iB\(t>\)h < II |i^l bll 101 h = ||V||b||0||2 

for all (f) E L^. This implies ||^||a < II^IIb < oo and hence \^ G Va- The proof of 
the lemma is completed as in Lemma [281 □ 

We now specialize to the case in which H = L^(R'^,/i). Our goal is to describe 
certain classes of potential in Va, particularly when A is a positive convolution 
operator. Such operators arise as the resolvents of constant coefficient, second order 
partial differential operators and in certain other contexts; the reader primarily 
interested in Schrodinger operators should keep Example [3l] in mind. We will use 
the classical inequalities due to Holder, Young, Hausdorff- Young and Riesz- 
Thorin without further mention. 

Lemma 30 If a E L^(R'^) then the operator A on L^(R'^) defined by A(j) = a* cj) 
lies in the standard C*-algebra A. 
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Proof. If 

" \ otherwise 

and An4> = ctn * then 

hm ||A„ — A\\ < ||a„ — a||i = 

n— >oo 

by Lemma HHl We combine this with the observation that An G An, because the 
support of An4> must he within a distance n of the support of 0. □ 

Let Cd denote the set of operators A on L^(R'^,dx) given by Acf) = a* (j), where 
< a G Li(R'^,dx). 

Lemma 31 If A E Cd and a E for some 1 < p < 2 then C Va, where 
1/p+l/q = 1. 

Proof IfV eL" then 

\\V{a*<P)h<\\VUa\\pUh, 

so 

||^IU< ||^IU|a||p. 

□ 

Lemma 32 If A E Cd and a E where a denotes the Fourier transform of a and 
2<p<oo, then Lp C Va- 

Proof. This uses the bound 

\\VA\\<CdAVUa\\,. (20) 

See, for example, [21 Theorem 5.7.3]. □ 

There are many other results of a similar type in which both of the norms in 
(120|) are replaced by other choices. See [151 Chapter 4] for details. 

The following type of bound is used when analyzing multi-body Schrodinger op- 
erators. The decomposition of R'^ used below may be combined with a Euclidean 
rotation of R*^, since this amounts to a change of coordinate system. 

Theorem 33 Let x = (xi, X2) G R'^^ x R'^^ where d = di + 62 and suppose that 
\V{xi,X2) \ < W{xi) for all x G R*^ where W G W^R!^^) and 2 < p < 00. Suppose 
also that A E Cd, B E Cd^ and 

|a(ei,6)l < fe)l 
for all i G R^ where < 6 G /.^(R'^i) andhE Lp(R'^i). Then V eVa- 
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Proof. We may write V=XW where |X| < 1. We may also write A = BC where 
||C|| < 1; in fact C = J^~^DJ^ where is the Fourier transform and D is the 
operator of multiphcation by a function d with \d\ < 1. Therefore 

\\VA\\ = \\XWBC\\ < \\WB\\ < c\\W\\p 

by applying Lemma in R'^^ □ 

Example 34 li H = —A acting in L^(R'^) with the usual domain then A = 
(/ + is of the form A(f) = a*(f) where < a e L^{R'^) and a(0 = (1 + l-CH"^ 
for all ^ G R''. Theorem [33] is applicable in this context because 

{I + m-' < (i + \^i\'r' 

whenever ^ = (.^i,^2)- One needs to assume that p>2 and p > di/2. 



7 Applications to differential operators 

In this section we show that the C*-algebra methods developed above can be used 
to study the spectra of certain differential operators. Instead of trying to study 
(7 {A) directly we may redirect our attention to the spectrum of one of its resolvent 
operators by virtue of the results in Section [5l We say that the closed, unbounded 
operator A is affiliated to the C*-subalgebra A of C{T-C) if the conditions of the 
following lemma are satisfied. 

Lemma 35 Let A be a C* -suhalgehra of C{T-[) and let R{z,A) G A for some 
z ^ a{A) . Then R{w, A) e A for all w ^ a{A) . 

Proof If X = I+{w- z)R{z, A) then X G ^ and 

a(X) = {l}u|l + ^^:sGa(A) 

= {l}u|^:.Ga(A)}. 

Since this does not contain we deduce that X is invertible in £(7i), and hence 
also invertible in A. Since R{w,A) = R{z, A)X~^ as in [21 Theorem L2.10], we 
deduce that R{w, A) E A. □ 

We say that a one-parameter group or semigroup Tj is affiliated to A if its generator 
is affiliated in the above sense, i. e. if the associated resolvent family lies in A. If 
if is a typical Schrodinger operator acting in L^(R'^), then the unitary operators 
Q-iHt j^Q^ ^Yie standard C*-algebra A, but we will see they are affiliated 

to it. 



22 



Let Ti = //^(R*^) and let Hq be a constant coefficient differential operator whose 
symbol is the polynomial p, so that HqcJ) = J^~^pJ^(j) where is the Fourier trans- 
form operator and p is regarded as an unbounded multiplication operator. It is 
immediate that Hq is a closed operator on 

Dom(ifo) = {0 G H : pJ^cf) G K]. 

Theorem 36 Suppose that \mi\^\^ao = +^ ^'^^ ^^^^^ there exists a real con- 
stant b such that Re < b for all ^ G R'^. Then a{Ho) C {z : Re (z) <b}. If 
Re {z) > b then R{z, Hq) lies in the standard C* -algebra A. 

Proof. We have R{z,Hq) = T~^pT where p G Co(R'^) is defined by 

p{i) = - p{i)r' ■ 

If n > 1 we define 

Pn(0 = e-l«l'/"(^-p(0)"'- 
Putting R = R{z, Hq) and Rn = T^^pnT we see that 

lim - R\ = lim ||p„ - p||oo = 



n— >oo 



SO it is enough to prove that Rn & A for all n > 1. Since pn lies in the Schwartz 
space S it is enough to observe that Rn4> = kn*<p for all (p & L"^ where kn S L}\ 
we may then apply Lemma [301 Q 

Before starting applications we change conventions so as to conform to the standard 
practice in quantum theory, writing —H where one might expect to see H . 

Example 37 The differential operator 



acting in L^(R^) has symbol piC,,"!]) = + irj^ and is highly non-elliptic. Nev- 
ertheless the conditions of Theorem [36] are satisfied. The same applies to the 
non-negative, self-adjoint, differential operator acting in L^(R^) with real symbol 

where n > 2. 



The following hypothesis is valid for a variety of second order elliptic differential 
operators with variable coefficients; see pj- 

Hypothesis 1 The operator —Hq is the generator of a strongly continuous one- 
parameter semigroup e~^°* on L'^(Rf'). Moreover there exist positive con- 
stants c, a and an integral kernel K{t,x,y) such that 

< K{t, X, y) < ct-'^/2e-°l-2^lVt (21) 
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for all t > and x,y & R*^ and 

(e-^°V)(x)= / K{t,x,y)^{y)dy (22) 



for all e L2(R'^) and x G R'^. 

Lemma 38 Under Hypothesis 1 

(t{Hq) C : Re {z) > 0} 

and {XI + Hq)^^ has an integral kernel G{X,x,y) for every A > 0. There exists a 
function g\ G L^(Il'^) and a constant ci > such that 

< G{X,x,y) < gxix - y) 

and 

\\{XI + Ho)-'\\<\\gx\\i = c^X-^ 

Proof. If we put 

k^{x) = ct-'^/'e""!"!'/* 

then there exists Ci > such that \\kt\\i = C\ for alH > 0. Therefore ||e~^"*|| < C\ 
for alH > and a(ifo) C {2; : Re (z) > 0}. If A > the kernel G satisfies 



^<G{X,x,y) = / K{t,x,y)e-^*dt 
Jo 

POO 

< / ktix - y)e~^' dt 
Jo 

= 9\{x-y), 



where the positivity of the functions involved implies that 

POO 

II^aIIi = / WktWie"^' dt = Ci/A. 

Note finally that 

?a(0 



for some C2 > 0, all A > and all ^ G R'^. □ 



Example 39 A bound of the type (1211) is not valid for fractional powers of the 
Laplacian, i. e. Ho = (—A)" where < a < 1. However, in this case the one- 
parameter semigroup e"^"* has the kernel 

K{t,x,y) = kt{x-y) > 
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for all t > 0, where \\kt\\i = 1 and kt{^) = e"*'^'^" for all t > and ^ G R*^. 
The construction of kt uses the theory of fractional powers of generators of one- 
parameter semigroups; see [T71 Chapter 9.11]. The resolvent operator {XI + Hq)~^ 
has the kernel 

G{Kx,y) = gx{x - y) > 

for all A > 0, where 

POO 

gx{x)= / kt{x)e-^'dt>Q. 
Jo 

One deduces that \\gx\\i = A^^ < oo and 

for all A > and C, G R'^- The methods developed in this paper still apply. 
The above results allow us to reformulate our problem. 



Hypothesis 2 Let : R'^ x R"^ R and A; G ^^(R'^) satisfy 

< K{x,y) < k{x-y) 

for all X, ?/ G R'^. Let Rq be the positive operator associated with K{x, y) and 
let B be the positive operator associated with k{x — y), so that < Rq < B. 
Lemma 1291 now implies that Vb ^ Vr^. 



If Rq = (A/ + -f^o)""^ in the following theorem then R = {\I + Hq + Vy^ and the 
assumption ||V^||ro < 1 states that V has relative bound less than 1 with respect 
to Hq in the conventional language of perturbation theory. 

Lemma 40 Given Hypothesis 2, let the potential V G Vjig satisfy < 1 and 

put 

oo 

R = R,(I + VRo)"' = Ro Vi?o)". (23) 
Then the operators Rq and R both lie in the standard C*-algebra A. 
Proof. Given e > there exists c G Z+ such that 1^(2^)1 < e. If we put 

/ \ f Kix, y) if |x — -ul < c, 
KJx,y) = { ' yi - ' 

^ '^^ 1^ otherwise, 

and define the operator T on by 

(T,0)(x)= / K,ix,y)<Piy)dy 
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then ||i?o"~^c|| < £ and TcPs{n) = Ps{n+c)TcPs{n) for every S ^ !F and n>l. hence 
Tc G Vq and -Rq ^ T^- Applying the same argument to i?g yields Rq E Ahj virtue 
of Lemma Defining V'^'^'' as in Lemma the identities V^('')P5(„) = Ps(n)V^^''^ 
for all S", n and r imply that ^'^''-'-Ro G Hence VRq E A. The norm convergence 
of the series in (1231) now implies that R E A. □ 

We conclude with two applications to quantum theory. In the first we consider 
with the Schrodinger operator H = Hq + V acting in L'^(R'^), where Hq = —A 
and = ly + X is a sum of possibly complex-valued potentials satisfying the 
conditions specified below. Passing to the resolvent operators we actually consider 
Ro = {al + Ho)-\ Ri = {al + Ho + W)-^ and R = {al + H)-\ where a > is 
large enough to ensure that all the inverses exist. 

Theorem 41 Suppose that V and W lie in the space Vr^ defined just before 
LemmaW^ and that ||V^||_Ro < 1? Il^ll-Ro < 1- Suppose that W is periodic in the Xi 
direction. Let S = {x E R*^ : |xi| < 1}, so that S{n) = {x E R'^ : < n + 1} for 
all n> 1. Suppose that X has support in S{c) for some c > 1. Finally define the 
ideal Js ^ A as in Theorem [73 Then 

a{Ho + W) = a,,,{Ho + W) = as{Ho + W) = as{H) C a^,{H) C a{H) (24) 

where as{A) = a{TTjg{A)) for every A E A. 

Proof. The operators Rq, Ri and R all lie in A for large enough a > by Lemma l40l 
The equation (HM is equivalent, by definition, to 

a{Ri) = aess(/2i) = asiRi) = asiR) C a,,,{R) C a{R) (25) 

The proof of the first two equalities in fl^^ uses the periodicity of Ri in the Xi 
direction as in the proof of Theorem [9l We next observe that 

I + VRo = I + WR0 + XR0 

= {I + XRo{l + WRo)-'}{I + WRo) 
= {I + XR^){I + WRo). 

Since / + VRq and I + WRq are invertible, it follows that / + XRi is invertible. 
Therefore 

R = Ro{I + VRo)-' 

= Ro{I + WRo)-\l + XRi)-^ 
= Ri{I + XRi)-\ 

Since X E has support in S{c) and Js is an ideal we can use Lemma [28] to 
deduce that XRi E Js- Therefore 

Tij,{R) = TTj^m {I + nJ^{XR^)}-' = nj^{Ri). 

The inclusions in ( !25ll now follow by applying Lemma [H □ 
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Example 42 We next point out the relevance of the above results to multi-body 
Schrodinger operators. Let Ti = L^(R'^ x R'^) and put x = {xi,X2) where Xi G R'^. 
Let Hq = —A and define 

H = Ho + Vi{xi) + V2{x2) + Vsixi - X2). 

where all three potentials lie in L^(R^) + Co(R^). By allowing Vi, V2 and V3 
to be complex-valued we include in our analysis the non-self-adjoint Schrodinger 
operators that arise in when discussing resonances via complex scaling. For suitable 
choices of Vi this operator might be regarded as describing two (spinless) electrons 
orbiting around a fixed nucleus (a simplified Helium atom). Standard estimates 
imply that Vi all have relative bound with respect to Hq and that they all lie 
in with ||Vi||/{(, < 1/3 provided Ro = {al + Ho)~^ and a > is large enough. 
Lemma HQ] implies that all of the relevant resolvent operators lie in the standard 
C*-algebra A. 

One can produce several asymptotic sets from {x : |xi| < 1}, {x : \x2\ < 1}, 
{x : [xi — X2I < 1}, and we will concentrate on two of these. If one puts 

S = {x : \xi\ < 1} U {x : \x2\ < 1} U {x : \xi — X2I < 1}, 

it is evident that S E J-' and that Vi + V2 + V^ E Js ■ Hence 

This set relates to the states in which both particles move away to infinity and 
they also separate from each other. On the other hand if one puts 

T = {x : \x2\ < 1} U {x : \xi — X2I < 1}, 

it is evident that T G and that V2 + V3 G Jt- Hence 

ariH) = ariHo + V^) = a{Ho + V). 

This set relates to the states in which particle 2 moves away to infinity and also 
separates from particle 1, which may or may not stay close to the nucleus. If 
A = —A + Vi acting in L^(R^) then by taking Fourier transforms with respect to 
X2 it is seen that 

a{Ho + Vi) = a{A) + [0,oo) 

where cr{A) = [0, 00) U {A„}, where A„ are the possibly complex-valued discrete 
eigenvalues of the operator A. 

8 Hyperbolic space 

Let {X, d, /i) denote a complete non-compact Riemannian manifold X with bounded 
geometry, Riemannian metric d (in the sense of the triangle inequality) and Rie- 
mannian measure n. The Laplace-Beltrami operator H = —A on L'^{X,fi) is 
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essentially self-adjoint of C^{X) and the spectrum of its closure is contained in 
[0,00). The one-parameter semigroup {e~^^}t>o is associated with a positive C°° 
heat kernel K by 

(e-^V)(x)= / K{t,x,y)f{y)fi{dy) 



X 



The kernel K satisfies 

K(t, X, y) /i(dx) = 1 



X 

for all X G X and t > 0. We wish to show that e~^^ and (A/ + H)^^ lie in the 
C*-algebra A for all t, A > 0. Rather than proving this under the weakest possible 
conditions, we consider the hyperbolic space H^, in which all of the expressions 
involved may be written down explicitly. The proof that we given may be extended 
to H'^ for arbitrary d >2 with minimal effort. 

The geometry of hyperbolic space is well-studied; see [121 Section 4.6] for the results 
listed below. In the upper half space model H*^ is the set {x G R"^ : x„ > 0} with 
the local Riemannian metric 



ds 

The global metric d is given by 



2 d'^Xi + ■ ■ ■ d^Xr, 



cosh((i(x, y)) = 1 + 



\x — y\ 

'^^nyn 

and the volume element is given by 

dxi ■ ■ ■ dxn 



li{dx) 



The area of the unit sphere S{x, r) of radius r > does not depend on x G X and 
is given by 

p{r) = c„ sinh"'~^(r) 
where C3 = Att. If / : (0, 00) — > R is any positive, measurable function then 



f{d{x,y)) nidy) = /(r)p(r) dr 



X 



for all X G X. 

If X = H", the spectrum oi H = —A acting in L^(X, yu) is equal to [(n — 1)^/4, 00), 
but the spectrum depends on p; see [H] . The heat kernel may be written in the 
form K{t, X, y) = kt{d{x, y)), where for = 3 we have 

Ur) = (47rt)-"/' -f-d(a-,y)V4t_ 

sinh(r) 
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See [7]; see also [1] for relevant upper and lower bounds when n 7^ 3. One verifies 
directly that 

POO 

K{t,x,y)fi{dy) = / kt{r)p{r)dr 
X Jo 



/■oo 

/ (47r)-i/2t-3/2^sinh(r)e-*-'-'/^*dr 
Jo 

(47r)-i/2t-3/22-Ve^-*-r-V4* dr 
(47r)-i/2t-3/22-Ve-('--2*)'/4* dr 



■00 
00 



00 



1 



for all t > 0. 



If A > the operator [H + XI) ^ has a Green function G given explicitly by 
•^(A, X, y) = gx{d{x, y)), where 



00 -rVA+l 
At r ' ^ - 



9x{r)= / e-^'fctMdt 



g 47rsinh(r) 
A direct calculation establishes that 



G(A, X, i/)/i(dy) = / gx{r)p{r) dr = 1/A (26) 
X Jo 



for all A > 0. We will need the following lemma. 
Lemma 43 // 

{Rf){x) = [ r{x,y)fi{dy) 
for all X & X and f G L'^{X, p), then 



X 



II^IIl2(x,m) ^ ^ sup / |r(a;,y)|/i(d?/) W sup / \r{y,x)\p{dy) 
\^xex J X ) ixexJx 

See [21 Cor. 2.2.15] for the proof. 

Theorem 44 //A > andt > thene~^^ and (H + XI)^^ both lie in the standard 
C* -algebra A. 

Proof. The proof is almost the same in both cases so we only treat the resolvent 
operators. We have (AJ + H)^^ = An + Bn where 

(A„/)(x) = / 
Jx 

an{x,y) = an{d{x,y)), 

gx{r) if r < n, 



Or,, r 



otherwise, 
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and 



bnix,y) 
hn{r) 

It follows from its definition that A„ G An and from fl26p and Lemma HH] that 
lim„_oo ll^nll =0. □ 

Example 45 The ideas in the second part of Section H] can be applied in the setting 
of hyperbolic space. In the upper half space model the natural compactification 
has dW ~ (R"-i x {0}) U {oo}. If we put S = {x G H" : < a:„ < 1} then 

S{m) = {x G H" : < x„ < e™}. Moreover S{m) = § = R x {0} for all m > 1. 
Therefore the quotient map vr : i3 ^/{Js H ^3) ~ C is given by 7r(/) = /(oo). 

Acknowledgements I should like to thank A Pushnitski and J Weir for helpful 
comments on an earlier version of the paper. 
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bn{d{x,y)), 

gx{r) if r > n, 
otherwise. 
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